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Navier-Stokes Calculations for Unsteady Three-Dimensional
Vortical Flows in Unbounded Domains

James P. Chamberlain* and C. H. Liu*
NASA Langley Research Center, Hampton, Virginia

Finite difference Navier-Stokes calculations for unsteady, three-dimensional, incompressible, viscous flows
induced by initial vorticity distributions are presented and discussed herein. The initial vorticity distributions are
assumed to be embedded in a flowfield of infinite extent that is quiescent at infinity. These vorticity distributions
are typical of vortex rings and other closed vortical tubes or structures. Such structures are important elements in
fluid flows such as jets, atmospheric convection, and the far-field wakes of aircraft, and studies of their interac-
tion may aid in an understanding of complex fluid flows. The calculations employ a method recently proposed
by Ting to approximate the infinite domain boundary value problem with a finite boundary computational do-
main. This method is shown to yield accurate three-dimensional results for reasonable expenditures of computer
time. Because of the efficiency of the boundary condition technique and the resulting Navier-Stokes code, a
16-bit minicomputer with virtual memory was capable of performing the calculations for the unsteady motion of
two obliquely colliding vortex rings. The results of these calculations are presented in this paper.

Introduction

VORTEX-dominated flows in unbounded fluid domains
comprise an important class of problems in fluid

dynamics. Some examples of such flows are the phenomena
of atmospheric turbulence and convection,1 the flowfields in
the vicinity of free jets,2 and the far-field wakes of air-
craft.3'4 These flows are often very complex and are char-
acterized by the time-dependent, three-dimensional motion
and deformation of vortex tubes or structures. The interaction
and decay of these vortex structures in time is often dominated
or at least influenced by the effects of viscosity, so that solu-
tions of many free vortex flow problems must, in some way,
account for viscous effects. In addition, a numerical solution
to a free vortex flow problem must use a finite computational
domain to simulate or approximate the unbounded domain
fluid flow.

One method of approximating an infinite domain fluid
flow problem numerically is to specify the infinity boundary
conditions along the finite boundary of a computational do-
main. For example, if the velocity is assumed to vanish at in-
finity, then an approximate numerical boundary condition
would set the velocity to zero at the boundary of the finite
computational domain. However, this approach generally re-
quires a large computational domain to reduce the error in-
troduced at the boundary and, therefore, a large percentage
of the total computing time may be spent calculating the
flow outside the primary region of interest.

A better method of specifying the conditions on the finite
domain boundary is to estimate the behavior of the solution
at the boundary based on integral quantities of the solution
in the domain interior. This type of boundary condition
method generally allows the size of the computational do-
main to be reduced without increasing the error introduced
at the boundary. This method of boundary condition
specification was used by Bilanin et al.5 in 1977 to compute
the two-dimensional incompressible rollup of aircraft wakes,
and more recently by Weston and Liu.6 Weston and Liu also
used the integral quantities in a manner that allowed the
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solution accuracy to be monitored in time. Variations of the
method were also employed by Liu and Ting7 and Liu et al.8
to calculate the motion of axisymmetric vortex rings and the
vortex wake rollup of a rotor in hover, respectively. A
technique for using this boundary condition method to
calculate the three-dimensional motion and interaction of
closed vortex tubes was recently proposed by Ting,9 and this
technique is incorporated in the code presented in this paper.

Finite difference Navier-Stokes calculations for unsteady,
three-dimensional, incompressible, vortex-dominated flows
are presented and discussed in this paper. The three-
dimensional problem formulation is presented in the first
section of the paper, and is followed by a discussion of the
approximate boundary condition technique. Subsequent sec-
tions of the paper contain a description of the computer
code used to calculate the fluid flow, computed results that
demonstrate the accuracy and efficiency of the boundary
condition technique, and results from the computer code for
the unsteady motion of two obliquely colliding vortex rings.

Problem Formulation
The governing equations for viscous incompressible flow

are

V - F = 0 (1)

at
(2)

where V is the fluid velocity and p and v the constant fluid
density and kinematic viscosity, respectively. The ap-
propriate initial and boundary conditions for Eqs. (1) and (2)
are

(3)

(4)\V(x,t)\-+0 and p(xft)-p00 as 1*1 -oo

where V0 and pw are specified. The initial boundary value
problem described by Eqs. (1-4) can be formulated also in
terms of the vorticity and vector velocity potential variables,
and this approach is used here.

The vorticity fl is defined as the curl of the velocity,

= V X F (5)
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and since the velocity field is divergence free, it may be ex-
pressed as the curl of a vector velocity potential A9

V= V xA (6a)

The curl of any gradient vector is zero, so A is indeterminate
to the extent of the gradient of a scalar function of position
and time.10 The divergence of A can thus be specified as

V-A = O (6b)
so that, by vector identity, the vector potential and vorticity
are related by the vector Poisson equation

(7)

The transport equation for fi can be obtained by taking the
curl of Eq. (2), which yields

an
(8)

In the numerical computations the conservation form of Eq.
(8) is used, which can be expressed as

dt
= VX (9)

If the fluid velocity is zero at infinity, then the solution of
Eq. (7) is the Poisson integral,

(10)

where x' is the variable of integration and djt' = djt7'dx:jcbt5'.
Equation (10) can be combined with Eqs. (6-9) to form a
single integrodifferential equation in Q; the appropriate in-
itial and boundary conditions are then

(lla)

(lib)Q(x,t)-~0 as Lcl-oo

where Q0 is a specified initial vorticity distribution. For con-
centrated distributions of vorticity fi will approach zero
much faster than F as Ijcl ^oo; thus, if 11 and A are used as
primary variables rather than F and p, then a smaller com-
putational domain can be used without increasing the error
due to the finite domain boundary. For the calculations to
be presented herein ft and A are used as primary variables,
and the initial vorticity distributions are assumed to decay at
least exponentially as ljcl-*oo. The computational error due
to the specification of boundary condition (lib) on the finite
boundary Ijcl =R will then be 0(e~R). This finite boundary
error is much smaller than the boundary error incurred by
the primitive variable boundary condition IF I =0, which is
generally 0(R~3). An additional source of error will arise
due to the evaluation of the Poisson integral over only the
computational space, but this error is of the same order as
the error due to the finite boundary specification of ft, or
G(e-R).

The integrodifferential equation formed by Eqs. (6), (9),
and (10) can be solved numerically to yield Q(x,t); this ap-
proach has been used by several researchers11'12 for two-
dimensional problems. However, this approach is very time
consuming numerically, since the Poisson integral must be
evaluated at each grid point to obtain A. For a three-
dimensional computational domain containing N3 grid
points, the determination of A at all grid points using the
Poisson integral would require 0(N6) operations. For dense
grids the integrodifferential equation approach becomes pro-
hibitively expensive.

Boundary Conditions
Efficient numerical schemes are available13 for the solu-

tion of the Poisson equation (7) using 0(7V5log7V) opera-
tions; these schemes can be used to obtain A more efficiently
than by using the Poisson integral. However, in order to
solve Eq. (7), A must be specified on the finite computa-
tional boundary, and if the Poisson integral is used to obtain
these boundary values then the total number of operations to
obtain A at all points becomes 0(N5). The value of A at the
boundary could be specified so that I Fl =0 on the bound-
ary, or A could be set to some constant value (which is
equivalent to stating that the normal velocity at the bound-
ary is zero), but these approximate boundary conditions are
generally accurate only to 0(R~3) and, thus, will require
large computational domains.

A more accurate method for obtaining the required
boundary values of A, while avoiding the expense of com-
puting the Poisson integral, is to approximate the far-field
behavior of the integral. Such a method has been proposed
by Ting9; this method is described in the remainder of this
section. The method has the additional advantage of pro-
viding integral checks of the global solution accuracy.

If the vorticity decays at least exponentially in Ijc I , then
the denominator of the Poisson integral can be expanded
and A can be expressed as a power series in \/r,

1 m

A(x,t) =——Y\A(n)(r,t)r-n-1 + Q(r-m~2) (12a)

(12b)

where f and f' are unit vectors in the directions of jc and xf ,
respectively, Pn is a Legendre polynomial, and r and r' the
magnitudes of x and #', respectively. Ting points out that rn

A(n) is a homogeneous polynomial of degree n in the Carte-
sian components xi9 and that its coefficients are the nth
moments of vorticity. This fact allows Eq. (12b) to be rear-
ranged so that the volume integrals required to determine
A(n) (f,t) are independent of f. The first three terms of Eqs.
(12) are

(13)

A(I)=
(15)

where \ are the components of fit co/ the components of fl,
et the unit vectors parallel to the Cartesian coordinate axes,
and < > indicate volume integration over all space.

Equations (13), (14) and (15) contain three, nine, and eigh-
teen volume integrations, respectively, but not all of these in-
tegrals need to be evaluated. Integral invariants of the vor-
ticity and consistency conditions based on the divergence-
free character of fl can be applied to reduce the number of
independent integral quantities required for the evaluation of
Eqs. (13-15). Specifically, it can be shown14 from the
divergence- free condition and the far-field behavior of 0 that
the nth coaxial moment along an axis parallel to a vector B
will vanish,

oo

511 [B-x']nB-Q(x',t)dx' =0 (16)

Equation (16) can be applied for « = 0, 1, and 2 to show that
1) all three integral quantities in Eq. (13) are zero, i.e.,
< f t > = 0 for all time, 2) only three of nine integrals in Eq.
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(14) are independent and nonzero, and 3) only eight of eigh-
teen integrals in Eq. (15) are independent and nonzero. In
addition, integral invariants of the vorticity15'16 based on
conservation of linear and angular momentum can be ap-
plied to show that all three of the independent integrals in
Eq. (14) and three of eight integrals in Eq. (15) are time in-
variant. These six time-invariant integrals can thus be
evaluated for the initial vorticity distribution Q0, and at any
later instant in time the five remaining integrals can be
evaluated to yield the quantities necessary to compute A(0),
A(1), and A(2). The six time-invariant integrals can also be
numerically re-evaluated for />0 to monitor the accuracy of
the computed results as the calculations proceed in time.

Equations (13-15), for the first three coefficients of Eqs.
(12), c \ be rewritten after the simplifications discussed
above , . - . .

(17)

(18)

3 vS
(r,0=—T]Dk[(\?+\2 j-

4 *T/

Hk(t)\t\jek

where

are time invariant, and

= <(*?-*?)«*>

Hk(t) =

(19)

(20)

(21)

(22)

(23)

vary with time [only two of the three integrals in Eq. (23)
are independent, since H1+H2+H3=Q]. The indices in
Eqs. (18-20), (22) and (23) are chosen so that i^j^k and
i<j. Equations (17-19) can be substituted into Eqs. (12) to
yield boundary values of A to terms of 0(R~3). The error
due to the boundary values of A will therefore be 0(R~4),
and the velocity error will be 0(R~5). While it may be possi-
ble to improve the accuracy of the boundary values of A by
including terms in Eqs. (12) involving higher moments of the
vorticity, these terms would probably be difficult to evaluate
accurately since small numerical errors in the far-field vor-
ticity distribution would be amplified in the higher moment
evaluations.

One further relationship can be derived which expresses
the rate of decay of total kinetic energy,

(24)

This decay law is obtained by taking the scalar product of
the momentum equation and the velocity, integrating the
result over all space, and applying the divergence theorem
and various vector identities. The decay law can be
numerically integrated in time either during or after the
Navier-Stokes calculations, and can be used as a global
check of numerical diffusion effects and total kinetic energy
dissipation. The deviations of the numerical results from the

decay law and the integral invariants thus can be used to
estimate the error of the numerical solutions.

Computer Code
A computer code has been developed to evaluate the

system of Eqs. (6-9) using the boundary conditions discussed
in the previous section. The code employs a uniform Carte-
sian finite difference computational domain in three dimen-
sions and is coded in the FORTRAN 77 programming
language. The program was initially developed on a 16^bit
Hewlett-Packard 1000F minicomputer for two reasons. First,
development of the code on a minicomputer allowed for
rapid turnaround time during the edit, compile, and debug
stages, and allowed for a reasonable amount of numerical
experimentation without incurring the expense of mainframe
computing. Second, the initial operation of the code on a
minicomputer ensured that any advantages of the algorithm
would be transportable, i.e., supercomputer capabilities such
as vector processing or extreme amounts of core memory
would not be required for performance of the algorithm. All
of the results presented in this paper were obtained with the
minicomputer, although the code has been moved to a Con-
trol Data Cyber 203 computer for higher resolution solutions
on more dense grids. For a grid with 33 points in each direc-
tion the code requires approximately 14 min/time step on the
minicomputer; each time step requires approximately 11 s to
execute in scalar mode on the Cyber 203.

The basic algorithm performed by the program is shown in
Fig. 1 along with the relative computer times required for
the primary computational steps. These steps are described
briefly as follows.

1) The eleven volume integrals described by Eqs. (20-23)
are evaluated using Simpson integration over the computa-

CPU Time Percentages

(33 x 33 x 33 Grid)

55

Update & Using

Vorticity Transport
Equation

24

Fig. 1 Logical flowchart of Navier-Stokes code.



JUNE 1985 VORTICAL FLOWS IN UNBOUNDED DOMAINS 871

tional domain. The five time-varying integrals, Eqs. (22) and
(23), are evaluated at each time step, while the six time-
invariant integrals are evaluated initially and then only
periodically to monitor the accuracy of the solution.

2) The results from step 1 are substituted into Eqs. (18)
and (19) and the resulting coefficients A(1} and A(2) are used
with Eqs. (12) to determine values of A at the boundary.

3) A fast Poisson solver is used to determine the values of
A in the interior of the computational domain. The solver
currently in use is a direct method developed by the National
Center for Atmospheric Research (NCAR).13 The method
uses a finite difference formulation and is second-order ac-
curate in the spatial directions.

4) The velocity field is obtained using second-order
centered differences to obtain the curl of A. The velocity
values are written over the vector potential values to
minimize the required computer storage.

5) The vorticity field is advanced in time using a finite dif-
ference representation of the vorticity transport equation (9).
The program currently uses the Dufort-Frankel method to
solve for the vorticity transport equation; this explicit
method is accurate to 0[(At)2, (Ax/)2, v(At/Axi)2;
1=1,2,3], Explicit methods to solve the vorticity transport
equation appear to be more appropriate than implicit
methods in this case for two reasons. First, in order to attain
a time-accurate solution to the unsteady flow problem
relatively small time steps must be taken, and these small
time steps tend to negate the efficiency of the implicit
methods. Second, three-dimensional finite difference grids
tend to be coarser than grids in fewer dimensions, so the ex-
plicit stability limitation on the time step size is not
significantly smaller than the step size required for time
accuracy.

Steps 1-5 are repeatedly applied to advance the finite dif-
ference solution in time.

Boundary Condition Accuracy
The accuracy and efficiency of two approximate vector

potential boundary condition methods were evaluated for a
specified vorticity distribution. These two methods were the
truncated series method discussed above and a method that
enforces zero-normal velocity at the boundary; the zero-
normal velocity boundary condition was enforced by setting

(a) (b)

Z '

(c) (d)

\A \ to zero at the boundary. The accuracies of the methods
were determined by comparing the two approximate bound-
ary condition solutions with a solution that used Poisson in-
tegral evaluations to generate the boundary conditions. Two
types of comparisons with the Poisson boundary condition
method were made. First, the differences between the
Poisson integral boundary values and the approximate
boundary values were measured to indicate the errors of the
approximate boundary methods. Second, the interior solu-
tions were compared with the Poisson boundary condition
interior solution to determine the global solution error caused
by the boundary condition errors. The efficiencies of the
methods were evaluated by comparing the computer execu-
tion times required to calculate the vector potential boundary
values and solution. Results of the comparisons of the two
approximate boundary methods with the Poisson boundary
method for a specified vorticity distribution are discussed
below.

The vorticity distribution chosen for the boundary condi-
tion checks is illustrated in Fig. 2. This distribution
represents two vortex rings with equal strengths, radii, and
filament diameters whose axes of symmetry lie in the x-y
plane and cross each other at an angle of 45 deg. The angle
formed by the two axes of symmetry is bisected by the x
axis, and the centers of the rings lie on the y axis at ±1.5
units, where a unit of length represents the toroidal radius of
each ring. The form of the vorticity distribution through the
ring core is Gaussian, and the effective cross-sectional radius
of the rings (the radius at which the vorticity magnitude has
fallen to l/e of the maximum vorticity magnitude) is 0.5.
The computational domain is a cube centered about the
origin with edges of length 8. This domain size is the prac-
tical minimum cubical size that will still enclose both vortical
rings, and thus represents a "worst-case" test condition for
the two vector potential boundary condition methods under
consideration.

Table 1 shows interior and boundary value normalized er-
rors for the series method and zero-normal velocity bound-
ary condition solutions. These interior and boundary value
errors are expressed as rms errors over the interior and
boundary grid points, respectively, and are normalized by
the maximum magnitude of A in the interior of the Poisson
integral boundary condition solution. Table 1 also shows the
execution times required to compute the boundary and in-
terior values of A for each method. The Poisson integral
boundary condition case was computed only for the domain
with sides of length 8 and 17 points along a domain edge,

Fig. 2 Initial vorticity distribution isosurface sketch, two obliquely
colliding vortex rings, a) perspective view, b) top view, c) front view,
d) right-side view.

Fig. 3 Contour plots of 141 in x-y plane for a) Poisson integral
boundary conditions, b) series method boundary conditions, and c)
\A \ = 0 boundary conditions.
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whereas the series method and zero-normal velocity cases
were run for the two larger domains as well. The edge
lengths and number of grid points in the two larger domains
are adjusted so that the grid spacing is identical for all three
domains. The normalized errors obtained for the two larger
domains were obtained by considering only the region com-
mon to the smallest domain as the solution space. Therefore,
results from the two larger domains are useful in determining
the required domain size for each method to obtain an ac-
curate solution in the region of interest.

The error figures shown in Table 1 indicate that the series
method for obtaining boundary data yields more accurate
results than the zero-normal velocity method for a given do-
main size. In fact, for the test case chosen, the interior solu-
tion for A obtained using series method boundary data is
better than the zero-normal velocity solution obtained on a
domain nearly twice as large. In this case, the series method
solution requires less than one-sixth the time required for the
zero-normal velocity solution of equivalent accuracy. For
equivalent grids, the series method takes slightly more execu-
tion time than the zero-normal velocity method, but this
relative time difference diminishes as the grid density in-
creases, since the ratio of boundary to interior points
decreases.

Figure 3 shows contour plots of the magnitude of A in the
x-y plane of the smallest domain for each of the three
boundary condition methods. The contour lines represent
lines of constant vector potential magnitude and are equally
spaced from a value of zero to a value of 0.98 times the
maximum magnitude of A in the Poisson boundary condi-
tion solution. These lines can be thought to be the intersec-
tion of stream surfaces of the solution with the x-y plane. It
is evident from Fig. 3 that the finite solution domain affects

both the series method and zero-normal velocity method
solutions, although the series solution is not affected to
nearly as great an extent. For slightly larger domains the
series method solution closely approximates the Poisson
method solution, whereas the global character of the zero-
normal velocity solution is altered by the closed boundary.

The execution times shown in Table 1 indicate that, for
the smallest domain, the Poisson integral boundary condi-
tion method requires about 150 times more computer time to
compute A than the series method. Since the number of re-
quired operations for the Poisson method rises as the fifth
power of the number of grid points along an edge, this
method would require nearly 6000 times more execution time
than the series method for a grid of 100 points on each edge.
Thus, even though the Poisson integral boundary condition
method is based on the exact solution for the boundary data,
the method is not practical for numerical computations.

Sample Results
The oblique collision and interaction of two vortex rings

was chosen as a test case to demonstrate the code, and the
vorticity distribution described in the previous section (see
Fig. 2) was used as the initial condition. This test case was
chosen for two reasons. First, qualitative experimental obser-
vations of colliding vortex rings are available17'18 for com-
parison with the code results. Second, the experimental
observations17"19 indicate that both merging and three-
dimensional deformation of the rings occur, so that both
viscous and convective forces should be important in this
flow problem.

The primary objective of the test case was to verify
qualitative agreement with experimental observations rather
than to compute a high-accuracy solution to a particular

(a)
(b)

(c) (d)

Fig. 4 Initial vector potential isosurface sketch, a) perspective view,
b) top view, c) front view, d) right side view.

(b)

(c) (d)

Fig. 5 Vector potential isosurface sketch at t \Q01 max = 10.4.

Table 1 Effect of computational boundary on error and cost

rms vector potential
errors, %

Cubical domain
edge length

8
12
14

No. of points
on grid edge

17
25
29

Series

1.63
0.659
0.620

L 4 I = 0

7.51
2.48
1.67

Series

57.8
226.0
431.0

Execution time, s

141=0

42.5
182.0
363.0

Poisson

8695.0
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flow problem. Therefore, the grid density was limited to 33
points along each edge of a cubical solution domain. The
length of each domain side was 8 ring radii, which produced
a grid spacing intended to yield good resolution of the in-
terior solution while maintaining acceptable finite boundary
errors. The domain was allowed to translate with the initial
vorticity-weighted average velocity of the rings, which tended
to keep the vorticity centered within the domain. The
Reynolds number of the computed time-dependent solution
was 785, where the Reynolds number was defined as the ring
circulation divided by the kinematic viscosity.

Figures 4-9 represent the consecutive advancement of the
calculated solution in time. The orientation of the axes in
these figures is the same as in Fig. 2. Part a of each figure
contains a perspective sketch of the 50% vector potential
magnitude isosurface at a particular instant in time; the
sketch of the cube represents the solution domain boundary.
The vector potential magnitude isosurface approximates a
stream surface and thus probably approximates the form of
entrained smoke used to experimentally visualize vortex
rings. The initial 50% magnitude isosurface contains most of
the vorticity in the domain and, therefore, should be a good
representation of the vortex rings. Parts b, c, and d of each
figure contain top, front, and right side views of the isosur-
face, respectively. A simple hidden line algorithm was
developed to generate the isosurface sketches and requires a
brief explanation to avoid misinterpretation of the sketches.
A section of the surface is considered hidden if the dot prod-
uct of the viewing direction and the solution gradient at the
surface are negative. This algorithm is fast and will draw
only isosurface sections facing the viewer, but it cannot
determine whether a surface facing the viewer is behind
another surface. Therefore, any overlapping sections of the
isosurfaces in Figs. 4-9 will both be drawn.

Figure 4 shows the initial vector potential magnitude
isosurface for the two rings; the rings are moving in the
positive x direction and toward each other. The rings thus
appear to move down and inward in the top view (b) and
toward the viewer in the front view (c). The rings are moving
to the left in the right side view (d). The distortion of the
two surfaces in the center is due to the mutual influence of
the two rings in this region; the velocity influences of the
rings are additive in this region and the maximum field
velocity occurs here.

Figure 5-8 show the subsequent merging of the two rings
into a single distorted oblong ring, and the switching of roles
of the major and minor axes of the ring. This behavior is in
good qualitative agreement with experimental flow
visualization.17'19 The average error of the time-invariant in-
tegral quantities is less than 1% for the results in Figs. 5-8,
and this low error level provides a degree of confidence in
the calculated results. References 17-19 also indicate that, in
some cases, the single ring formed after the collision will
split again into two rings, except that the line joining the
centers of the two new rings is perpendicular to the line join-
ing the original ring centers. The beginning of this splitting
behavior may be occurring in Fig. 9, but the results shown in
Fig. 9 are suspect for several reasons. The deformation and
diffusion of vorticity have caused the solution to come very
close to the side of the computational domain at the time
shown in Fig. 9. In addition, the merging of the two rings
into one and the enlargement of the effective toroidal and
cross-sectional radii have caused the resultant ring to slow

(a)
(b)

(d)
Fig. 7 Vector potential isosurface sketch at t \SL01 max = 40.9.

(a)
(b)

(c) (d)

(a) (b)

(d)

Fig. 6 Vector potential isosurface sketch at t \ft01 max =20.2. Fig. 8 Vector potential isosurface sketch at t ID0lm a x =60.1.
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(a)
(b)

(d)

Fig. 9 Vector potential isosurface sketch at t \Q01 max = 96.3.

down (due to conservation of linear momentum), so that the
computational domain has begun to overrun the solution.
The proximity of the solution to the boundary affects the
solution accuracy, and the effect on the accuracy is indicated
by the time-invariant integral quantities. For Fig. 9, the error
in the quantities is about 6%, and the boundary error is also
visually apparent near the ring major axis.

Conclusions
An unsteady, three-dimensional, incompressible, Navier-

Stokes code for vortex flows in unbounded domains has
been developed, and sample results from the code have been
presented in this paper. The code uses an approximate
boundary condition procedure to simulate the infinite fluid
domain. This procedure has proven to be both accurate and
efficient. Relevant time-invariant integrals of the vorticity
distribution and a decay law for kinetic energy have also
been shown to be useful in the numerical calculation of
flowfields. The deviations of the numerical results from
these integral relationships can be used to measure the
overall effects of the computational domain size and
numerical algorithm on the accuracy of the solution. Good
qualitative agreement between the calculated results and the
available experimental data was demonstrated for the
oblique collision and merging of two vortex rings. The ap-
plication of this code to other problems involving closed vor-

tical structures is straightforward and may provide some
enlightening results.
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